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ABSTRACT

In this paper, we formulate versions of convergence theorems for the It6-
Henstock integral of an operator-valued stochastic process with respect
to a Hilbert space-valued Wiener process. We also prove that every Ito
integrable operator-valued stochastic process is It6-Henstock integrable
using some versions of convergence theorems established in this paper.
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1. Introduction and Preliminaries

The Henstock integral, which was studied independently by Henstock and
Kurzweil in the 1950s and later known as the Henstock-Kurzweil integral, is
one of the notable integrals that was introduced which in some sense is more
general than the Lebesgue integral. To avoid an extensive study of measure the-
ory, Henstock-Kurzweil integration had been deeply studied and investigated
by numerous authors, see Gordon| (1994), |Henstock (1988), Kurzweil (2000),
(1989), Lee and Vyborny| (2000), (2011). The Henstock-Kurzweil in-
tegral is a Riemann-type definition of an integral which is more explicit and
minimizes the technicalities in the classical approach of the Lebesgue integral.
This approach to integration is known as the generalized Riemann approach or
Henstock approach.

In stochastic calculus, it is not possible to formulate the stochastic integral
by means of Riemann approach for the reason that the integrands are highly
oscillating and the paths of the integrators are not, of bounded variation. For
the same reason, it is not even possible to define the stochastic integral as
a Riemann-Stieltjes integral, see . In the typical approach of
stochastic integration, the stochastic integral of a real-valued stochastic process,
which is adapted to a filtration, is attained from a limit of stochastic integrals
of simple processes. This approach is almost similar in defining the Lebesgue
integral of a measurable function. Hence, to give a more explicit definition
and reduce the technicalities in the classical way of defining the stochastic
integral in the real-valued case, Henstock approach to stochastic integration
had already been studied in several papers, see |[Chew et al.| (2003), McShane|
(1969), [Pop-Stojanovic (1972)), [Toh and Chew| (2003}, 2005).

In infinite dimensional spaces, the stochastic integral of an operator-valued
stochastic process, adapted to a normal filtration, is obtained by extending
an isometry from the space of elementary processes to the space of continu-
ous square-integrable martingales. In this case, the value of the integrand is
a bounded linear operator and the integrator is a ()-Wiener process, a Hilbert
space-valued Wiener process which is dependent on a nonnegative, symmetric,
and trace-class operator ). This approach requires a deep study of measure
theory and functional analysis. In [Labendia et al. (2018), the authors intro-
duced a new approach to stochastic integrals in infinite dimensional space and
defined the Ito-Henstock integral of an operator-valued stochastic process with
respect to a @-Wiener process and formulated a version of It6’s formula, the
stochastic counterpart of the classical chain rule of differentiation.
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In this paper, we revisit the concept of It6-Henstock integral for the operator-
valued stochastic process with respect to a @-Wiener process and establish
versions of convergence theorems. We then use some of the convergence the-
orems formulated in this paper to show that the classical It6 integral of an
operator-valued stochastic process can be defined using Henstock approach.

Throughout this paper, (Q, F, {F;},P) be a filtered probability space, B(H)
be the Borel o-field of a Banach space H which is also separable, and L(h) be
the probability distribution or the law of a random variable h: Q — H.

A stochastic process f : [0,T] x Q — H, or simply a process {f;}o<i<r, is
said to be adapted to a filtration {F;} if f; is Fy-measurable for all ¢ € [0, T1.
When no confusion arises, we may refer to a process adapted to {F;} as simply
an adapted process.

Let U and V be separable Hilbert spaces. Denote by L(U, V') the space of
all bounded linear operators from U to V, L(U) := L(U,U), Qu := Q(u) if
Q € L(U,V), and L?*(Q, V) the space of all square-integrable random variables
from Q to V. The adjoint or dual Q* of an operator @ € L(U) is the unique
map Q* € L(U) such that (Q*u,u’), = (u,Qu’), for all u,u’ € U. An
operator Q € L(U) is said to be self-adjoint or symmetric if for all u,u’ €
U, (Qu,u’); = (u,Qu’);, and is said to be nonnegative if for every u € U,
(Qu,u);; > 0. Using the Square-root Lemma (Reed and Simon), |1980, p.196), if
Q@ € L(U) is nonnegative, then there exists a unique operator Q2 € L(U) such
that Q2 is nonnegative and (Q2)2 = Q.

Let {e;}32,, or simply {e;}, be an orthonormal basis (abbrev. as ONB)
in U. If Q € L(U) is nonnegative, then the trace of @ is defined by tr @ =
Z;‘;l (Qej, ;) - It is shown in (Reed and Simon, 1980, p.206) that tr Q is
well-defined and independent of the choice of ONB. An operator @ : U — U is
said to be trace-class if tr [Q] := tr (QQ*)% < 00. Denote by L;(U) the space
of all trace-class operators on U, which is known (Reed and Simon| 1980} p.209)
to be a Banach space with norm ||Q|; = tr [Q]. If Q € L(U) is a nonnegative,
symmetric, and trace-class operator, then there exists an ONB {e;} C U and a
sequence {\;}, A\; > 0 Vj € N, such that Qe; = Aje; for all j € N and A\; — 0
as j — oo (Reed and Simon), (1980, p.203). We shall call the sequence of pairs
{)\j,e;} an eigensequence defined by Q.

Let @ : U — U be either nonnegative symmetric trace-class operator or

@ = 1y, where 1y is the identity function on U. If @) is a trace-class operator,
. 1

let {);,e;} be an eigensequence defined by Q. Then the subspace Ug = Q2U

of U equipped with the inner product (u,v);,, = Z;’il = (u,e5); (v,e5) is a
J
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separable Hilbert space with {, / A} ej} as its ONB, see qDa Prato and Zabczykl,
1992, p.90), (Gawarecki and Mandrekar] 2011}, p.23).

Let {f;} be an ONB in Ug. An operator S € L(Ug, V) is said to be Hilbert-
Schmidt if Y00 |SFill = 3202, (£, 5f;)y < oco. Denote by Ly(Ug,V)
the space of all Hilbert-Schmidt operators from Ug to V, which is known
(Prévot and Rockner) 2007, p.112) to be a separable Hilbert space with norm
151 Ly wo.vy = \/Zjoil ||Sf]||%/ The Hilbert-Schmidt operator S € La(Ug, V)
and the norm HS||L2(UQ7V) are independent of the choice of the ONB, see

(Da Prato and Zabczyk, 1992, p.418), (Prévot and Rockner, 2007, p.111). It
is shown in (Gawarecki and Mandrekar, 2011} p.25) that L(U,V) is properly
contained in Ly(Ug, V).

Let Q : U — U be a nonnegative, symmetric, and trace-class operator,
{);, e} be an eigensequence defined by @, and {B,} be a sequence of indepen-
dent Brownian motions (abbrev. as BM). The process

Wy = Z VA Bj(t)e; (1)

is called a Q- Wiener process in U. The series in (1)) converges in L?(Q,U). For
each u € U, denote W, (u) := Z VAjBj(t) (ej,u),;, where the series converges
j=1

in L?(Q,R). By the Strong law of large numbers (Ghahramani, 2005, p.489),
it does not necessarily follow that there exists a U-valued process W with

Wi(u)(w) = (Wi(w),u),, P-almost surely (abbrev. as P-a.s.). (2)

However, given a nonnegative, symmetric, and trace-class operator Q, a U-
valued process satisfying can be defined. We call the process W a U -valued
Q-Wiener process. This process is an extension of the BM. It should be noted
that M, j=1,2,...,1is a sequence of real-valued BM, see (Da Prato and

J
Zabezyk, [1992, p.87).

A filtration {F;} on a probability space (2, F,P) is called normal if (i) Fo
contains all elements A € F such that P(A) =0, and (ii) F; = Fiy = ﬂ Fs

s>t

for all t € [0,T]. A @Q-Wiener process Wy, t € [0,T] is called a Q-Wiener
process with respect to a filtration if (i) W, is adapted to {F;}, t € [0,T] and
(i) W, — W is independent of F, for all 0 < s < ¢t < T. It is shown in
(Prévot and Rocknerl 2007, p.16) that a U-valued Q-Wiener process W (t),
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t € [0,T], is a Q-Wiener process with respect to a normal filtration. From now
onwards, a filtered probability space (2, F,{F;},P) shall mean a probability
space equipped with a normal filtration.

An adapted process M : [0,T] x Q — V is said to be a martingale if (i) for
all t € [0,T], M, is Bochner integrable, i.e. E[||M;[,/] < oo and (ii) for any
0<s<t<T,E [Mt|]-'s} = M, P-a.s.. A martingale M : [0,T] x Q - V
is said to be square-integrable if Mr € L?(Q,V). Tt is known (Prévot and
Rockner}, [2007, p.21) that the space of all continuous square-integrable martin-

gales M2 is a Banach space with norm ||M||M2T 1= SUDyeqo, 7] ([E [”MtH%/} ) 2 _

([E [||MT||%/D§, and the -Wiener process W € M2..

An adapted process f : [0,7] x Q — L(U,V) is called an elementary pro-
cess if there is a finite sequence {t;}7_o, n € N, with 0 = ¢ < t; < .-+ <
t, = T and a finite sequence of random variables ¢, {¢;}, 7 =0,1,...,n —1,
such that (i) ¢ : (Q,F0) — (L2(Uq,V),B(L2(Uq,V))) and ¢; : (2, F;) —
(L2(Ug,V),B(L2(Ug,V))) are measurable with ¢(w), ¢j(w) € L(U,V); and

(i) f(t,w) = o(w)liy(t) + Zgo] wW)l(t;,t;0,1(t). Denote by & = E(U,V)

the space of all elementary processes We say that an elementary process f
is bounded if there exists M > 0 such that |[f(t,w)|,,,,v) < M for all

(t,w) € [0,7] x Q. Denote by Ag the space of all bounded elementary pro-
cesses. Then the Ité integral of an elementary process f with respect to W is
defined by

n—1

/fs AW, = 0j(Wi, i at — Wiyne)  for t € [0,7].
7=0

It is shown in (Prévot and Rockner, (2007, p.23) that if f € &, then the Ito
t
integral (I)/ fs AWy € M7
0
The next result is called the Ito isometry on £ which gives the norm |-||o

on &. It should be noted that the integral on the right hand side of the equality
is a Lebesgue integral, indicated by (L£).

Proposition 1.1. (Prévot and Rockner, 2007, Proposition 2.3.5). If f € &,

then
)
I)/ fs AW
0
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For f e & let |[f|c = ,|E

T
(E)/O HfSH%z(UQy) ds]. We then construct

an equivalence class with respect to ||-||o and identify (&,]-||¢) as a normed
space, see (Royden and Fitzpatrickl, 2007, p.394). In view of Proposition

T
for fe&, ,|E [(E)/O ||f5||2LQ(UQ,V) ds} = ||fll¢ so that the mapping from

& |Ilg) to (M3, H||M2T) is an isometry. This mapping can be uniquely ex-

tended to a bounded operator from (&, ||-||¢) to (MZ, I/l a7z,), which is also an
isometry.

Let Ag := Ay(Ug, V') be the space of all processes f : [0,T]xQ — Ly(Ug, V)
such that

(@) f:(0,T]xQ,B([0,T))xF) = (L2(Uq, V), B(L2(Uq,V))) is measurable;
(i) f is adapted to {F:}; and

(i) [Iflle = 4|E

T
(£) / A ds} < 0.

Hence, Ag C & C As. Tt is shown in (Gawarecki and Mandrekar] 2011, p.28)
that (A, ||||¢) is a Hilbert space.

The next result implies that &£ is dense in Ay so that £ = As.
Proposition 1.2. (Gawarecki and Mandrekar} [2011, Proposition 2.2) If f €

Ao, then there exists a sequence {f}, f™ € Ag, with

@ [ s

2

- e

L2(Uq,V)

dt] — 0 as n — 0.

A stochastic process f: [0,T] x Q — Lo(Ug, V) is said to be Ité integrable
if f € Ay and the Ité integral of f with respect to W is the unique isometric
linear extension of the mapping

T
£() = (@) / f. W,
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from the class of bounded elementary processes to L2(£2, V), to a mapping from

n—1
As to L?(Q, V), such that the image of f(¢,w) = tp(w)X{o}(f)'i'Z ey (w)x(tj,tﬁl] (t)
=0

n—1 "
is Z ©0;(Wy, ., — Wy;). We define the It6 integral process (I)/ ,0<t<T,
Jj=0 0
for f € Az by
t T
(I)/ fs dWs = (I)/ st[oﬂg} (5) dWs.
0 0
Theorem 1.1. (Gawarecki and Mandrekar| [2011, Theorem 2.3) The stochastic

)
integral f — (I)/ fs AWy with respect to W is an isometry between Ao and
0

the space of continuous square-integrable martingales M3,

; [Hm [ 5. aw.

fort €[0,T7].

t
] =E {(ﬁ)/o Hszig(UQ,V) ds| < oo

2
14

2. It6-Henstock Integral and Versions of
Convergence Theorems

In this section, assume that U and V are separable Hilberts spaces, Q : U —
U is a nonnegative, symmetric, and trace-class operator, {);,e;} is an eigense-
quence defined by @, and W is a U-valued Q-Wiener process. A stochastic
process f : [0,T] x Q — L(U, V) means a process measurable as mappings from
[0,T] x Q,B([0,T]) x F) to (L2(Ug, V), B(L2(Ug, V))).

Throughout this paper, the given closed interval [0, T] is nondegenerate, i.e.
0 < T and can be replaced with any closed interval [a, b]. If no confusion arises,
n

we may write (D) Z instead of Z for the given finite collection D. We shall

i=1
use the same definition of belated partial division employed by the authors in
Chew et al. (2003) to define the Ito-Henstock integral of an L(U, V)-valued
stochastic process with respect to a U-valued @-Wiener process.

Definition 2.1. Let § : [0,7] — (0, 00). A finite collection D = {((&;, v;], &)},
of interval-point pairs is a d-fine belated partial division of [0, T if

(1) {(&,v:]}, is a disjoint collection of subintervals in [0, T]; and
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(ii) for all s € {1,2,...,n}, (&,v;] C [&,& +6(&)).

The term partial is used in Definition [2.1|since the finite collection of disjoint
left-open subintervals of [0,T] may not cover the entire interval [0,T]. Using
the Vitali covering lemma, the following concept can be defined.

Definition 2.2. Given n > 0, a given J-fine belated partial division D =
{((&,v],€)} is said to be a (6, n)-fine belated partial division of [0,T] if

T-(D)Y (w-9)|<n

This type of partial division is the basis to which we define the Ito-Henstock
integral.

Definition 2.3. An adapted process f : [0,7] x Q2 — L(U,V) is said to be
Ito-Henstock integrable, or TH-integrable, on [0, T] with respect to W if there
exists A € L*(Q,V) such that for every ¢ > 0, there is a ¢ : [0,7] — (0, 00)
and a number 7 > 0 such that for any (J, n)-fine belated partial division D =
{(<fla Ui],fi) ?:1 of [OVTL we have

E [IIS(/, D.6.m) — AlI} ] <.

where
S(f7D75,77> = (D)Zfﬁ(Wv - Wﬁ) = fob(Wvl - W&)
i=1

In this case, f is ZH-integrable to A on [0,7T] and A is called the ZH-integral
T T
of f which will be denoted by (I?-L)/ ft dWy or (IH)/ fdw.
0 0

We note that the given closed and bounded interval [0, T is nondegenerate,
0
ie. 0 < T. For convenience, we shall denote (ZH) / ft dW, by the zero
0
random variable 0 € L2(Q, V).

Example 2.1. Let f : [0,T] x Q — L(U,V) be an adapted process with
E ||ft||iz(UQ,v)} = 0 almost everywhere (abbrev. as a.e.) on [0,T]. Then
f is TH-integrable to 0 on [0,T].

It is worth noting that the Ito-Henstock integral possesses the standard
properties of an integral namely, uniqueness, linearity, integrability on every
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subinterval of [0, 7], and Cauchy criterion. The proofs of the following results
are standard in Henstock-Kurzweil integration, hence omitted.

Theorem 2.1. A process f : [0,T] x Q@ — L(U,V) is TH-integrable on [0,T)]
if and only if there exist A € L?(Q,V), a decreasing sequence {5,(£)}, 6, :
[0,T7] — (0,00), and a decreasing sequence {n,}, n, > 0, such that for any
(Ony M )-fine belated partial division Dy, of [0,T], we have

£ [Hs(f, Dna§71,7]n) - A||%/:| — 0 as n — oo.

T
In this case, A = (IH)/ fr dW.
0

Lemma 2.1. (Henstock Lemma (Weak Version)). Let f be TH-integrable on
[0,T] and F(u,v) := (I’H)/ fi dWe for any (u,v] C [0,T]. Then for every

e > 0, there exists a ¢ : [O,T]u—> (0,00) such that whenever D = {((§,v],€)} is
a 0-fine belated partial division of [0,T], we have

E [H(D) ST Wy —We) — F(g,v)}Hq -

Theorem 2.2. (Ito Isometry). Let f be ITH-integrable on [0,T]. Then
E [||ft||i2(UQ7V)} is Lebesgue integrable on [0,T] and

2

E

T T
(IH)/O fi AW, :(ﬁ)/o E (16017, g dt < oo

14

Next, we characterize the Ito-Henstock integral using AC?[0, T]-property, a
version of absolute continuity.

Definition 2.4. A process F : [0,7] x Q — V is said to be AC?[0,T] if for
every € > 0, there exists 77 > 0 such that for any finite collection D = {(£,v]}

of disjoint subintervals of [0,T] with (D) Z(v — &) < n, we have

E M(D)Z(Fv —Fg)Hi] ::/QH(D)Z(F(v,w) —F(g,w))HZV dP < e.

It is not difficult to show that the It6-Henstock integral is AC?[0, T7.
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Theorem 2.3. Let f be ZH-integrable on [0, T]| and define

t
F, = (I’H)/ fs AWy for all t € [0,T].
0

Then F is AC?[0,T).
Theorem 2.4. Let f:[0,T] x Q — L(U,V) be an adapted process. Then f is
TH-integrable on [0,T] if and only if there exists a process F : [0,T] x Q@ =V

such that

(i) F is AC?0,T) and
(ii) for every € > 0, there exists a ¢ : [0,T] — (0,00) such that whenever
D = {((&,v],€)} is a -fine belated partial division of [0,T], we have

e |0 S tseow, - wo - (r - Fp[ | <

Proof. Suppose that f is ZH-integrable. Then (i) and (ii) hold by Theorem

2.3 and the weak version of Henstock lemma.

Conversely, assume that (i) and (ii) hold. Let € > 0 be given. Since F' is
AC?[0,T), choose n > 0 such that whenever {(&,v;]}7L; is a finite collection

of subintervals (§;,v,] C [0,T] with Z lv; —&;| < n we have
j=1
2

- €
E||D_F, —Fe)| | <
j=1 v

Let D = {((&,v],£)} be a (d,n)-fine belated partial division of [0, 7] and let D°
be the collection of all subintervals of [0, T] which are not included in the set

D. Since F is AC?[0,T),
E {H(DC)Z(FU - Fg)Hi] <z

Hence,
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2
E ||| fews —wo) - (or - R

< o [H(D) S (W = We) = (F, — Ff”m
v |0 i - ]

< €.
Thus, f is ZH-integrable on [0, 7. O
Lemma 2.2. Let f be TH-integrable on [0, T] and define

F(S,U) = (IH) /gv ft th

for all (§,v] C [0,T]. Then for any disjoint intervals (a,b], (u,v] C [0,T],

(i) F has the orthogonal increment property, i.e. E[(F(a,b), F(u,v)),] = 0;
(ii) E Kfa(Wb - Wa)vF(u’ U)>V] = 0.

Proof. (i) Assume that b < u. By Theorem there exist a decreas-
ing sequence {6,,(£)}, 6, : [0,7] — (0,00) and a decreasing sequence {7,},
7, > 0, such that for any (J,,n,)-fine belated partial divisions D, (a,b) =

{((& i), &)}y and Dy (u,v) = {((&5,v;],§;)}j=1 of [a,b] and [u, v], respec-
tively, we have

12 |:“S(f7 Dn(a/a b)75n777n) - F(a/, b)H%/i| —0asn— oo

and
E[IS(, Dalu 0),80,10) = F,0) 3] = 0 25 m > oo,

From (Labendia et al., 2018} Lemma 3.5), for every n € N

E [<S(f7 Dn(aa b)7 671’ nn)a S(fa Dn(u7 U)aénann»v]

m

= L Zz<f§i(wviiwfi)7ffj(wvj7W§j)>v = 0.

i=1 j=1

Since S(f, Dn(a,b),0pn,mn) — F(a,b) and S(f, Dn(u,v),6n,mn) = F(u,v) in
L2(Q,V) as n — oo, it follows that

E[(S(f, Dn(a;b),6n,mn), S(f, Dn(t, v), 0n, 1))y ] = E[(F(a,b), F(u,v))y]
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as n — 00, see (Zeidler, 1990, p.413). Thus, E [(F(a,b)F(u,v)),] = 0.
(ii) Note that for all n € N,

E[(fa(Wy — Wa), S(f, Dn(u, ”)75na77n)>v]

= [E [ <fa(Wb - Wa)af&j (ij - ij)>V] =0.

Since fo(Wy — Wo) — fo(Wy — W,) and S(f, Dy (u,v),0n, 1) — F(u,v) in
L2(Q,V) as n — oo, it follows that

E [<fa(Wb - Wa)7 S(f7 Dn(u7 U)’ On, 7]n)>v] - Lk [<fa<Wb - Wa)7 F(u’ “)>v]
as n — o0o. Thus E[(fo(Wy, — Wa), F(u,v))] = 0. O
Lemma 2.3. Let f be TH-integrable on [0,T) and define

F(&) = @) [ foaw,
3
for all (§,v] C [0,T). Let {(&,vi]}1, be a finite disjoint collection of subinter-

vals in [0, T]. Then

(i) E Zfs(Wv - We)

2 n
} _ Z(v —OE {HfEHi(UQ,V)}’.

. ,
(ii) E |||> _{fe(Wy = We) = F(&,0)} ]

=> F {”fs(Wv - We) - F(&U)Hff} ;

i=1

n 2

> F(&v)

i=1

(iii) E

]=imhmm%]

\4

Proof. (i) This is immediate from (Labendia et al., |2018, Lemma 3.6).

(i) Let {(&,v;]}™, be a finite disjoint collection of subintervals in [0, 7.
Then by Lemma 2.2 we have
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2

(Wm - W&) - F(Eivvi)}

\4

= Z[E [Hffi(wvl - W&) - F(&’UZ)H%/}
=1

+22 E [<f§7(Wv, - W&) - F(£i7vi)7f§_7‘ (W'Uj - W{j) - F(gjavj)>v}

1<j
= YE[Ife(Wa, = We) = F(&, )}
i=1

+22 E [<f§L(W’Uz - Wfi)? ij (ij - WE]‘)>V}

—QZ[E |:<,f§i(WUi - ng),F(ﬁj,’Uj»V]
—QZ E [<f5j (W, — Wﬁj)vF(§i7U1)>v]
+QZ[E fza% (ﬁja”j»v]
= D [Ife (W = We) = Fl& vl ]

i=1

(iii) Since F' has the orthogonal increment property,

n 2 n
E[Zm,m ] pLA[LICRBIH
i=1 \% =1

+2Z[E F(&,vi), F(&,v5))y]

i<j
= Y E[IPEs ]
i=1

thereby completing the proof. O

The strong version of Henstock lemma follows from Lemma ii).
Lemma 2.4. (Henstock Lemma (Strong Version)). Let f be ZH-integrable on

[0,T] and F(u,v) := (IH)/ fi AWy for any (u,v] C [0,T]. Then for every
€ > 0, there exists a 0 : [O,T]u—> (0,00) such that whenever D = {((§,v],€)} is
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a 0-fine belated partial division of [0,T], we have
(D) D E [Ife(W, = We) = F(& )} ] <
Lemma 2.5. Let {f"} be a sequence of TH-integrable processes on [0, T such
T
that {(IH)/ ft(n) th} is Cauchy in L*(Q, V). Then for allt € [0,T), there
0

erists Ay € L2(Q, V) and the following property is satisfied: for every e > 0,
there exists N € N such that for all finite collection {(&;,vi]}i_, of disjoint
intervals of [0, T,

p 2

> {m [ 5 awi- - a0}

i=1 3

E <€

14

whenever n > N.

T
Proof. Let ¢ > 0 be given. Since {(I’H)/ £ th} is Cauchy in
0

t

L2(Q,V), for all ¢t € [0,T], {(I”H) / fim dWS} is also Cauchy in L2(Q, V)
0

by Lemma [2.3(iii). Then for all ¢ € [0,7T], there exists A, € L*(Q,V) such

that (ZH) / M dw, — Ay in L2(Q,V) as n — oo. Let {(&,vi]}Y_, be a fi-

0
nite collection of disjoint intervals of [0,7]. Then for all ¢ € {1,2,...,p}, there
exists INV; € N such that for all n > V;,
2
2
v 2

Take N = max{N; : 1 <1i < p}. Hence, for n > N, we have

E H(IH) f = (A, - Agy)

2

p Vi
E Z{(m) / £ th—<Am—A§i)}
i—1 &i \%
2
p Vi 2
< [D,\|E H(IH) £ AW, — (A, — Ae)
i=1 & v
p € 2
- <ZQJ> SG.
i=1
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This completes the proof. O

We now formulate versions of convergence theorems for the ZH-integral.

Theorem 2.5. (Mean Convergence Theorem). Let {f(} be a sequence of
IH-integrable processes on [0,T] and f be an adapted process on [0,T] such
that

(i) E [Hfﬁ’ f‘ } 0 ae on[0,T);

Ly (Ug,V

T
(ii) {(I?—L) /0 £ th} is Cauchy in L2(Q,V).

Then f is TH-integrable on [0,T] and

T T
(IH)/ ft(n) W, — (IH)/ fe dW; as n — oo.
0 0

Proof. Let € > 0 be given. By Example [2.1] for every ¢ € [0, 7], there exists
N;(t) € N such that for all n > Ny(t), E H t(”) fi ‘

< £ By th
LQ(UQV} or Y ¢

weak version of Henstock lemma, for all n € N, there exists a ¢ : [0,7] — (0, 00)
such that whenever D = {((§,v],€)} is a d-fine belated partial division of [0, T,

U' { £ W, — W) - I?—L/ft th} ]<

T
Since {(I’H)/ ft(n) th} is Cauchy in L2(Q,V), by Lemma for all t €
0

[0,T], there exists F; € L?(Q,V) with the following property: there exists
Ny € N such that for all finite collection {(&;,v;]}!_; of disjoint intervals of
[0, 71,

Ol m

2
p
e\ {@o [ v ro}) (<5 @
i=1 \%4
whenever n > Ny. Let FUV(€,v) := (IH) / ft(") dW; for all (&,v] C [0,T].

Choose N := N(&) > max{N;(£), Na} and ple §(&) = dn (&) for all € € [0,T7.
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Let D = {((&,v],£)} be a é-fine belated partial division of [0, T]. By (Labendia
et al., 2018, Lemma 3.6),

e |0 X0 - 207, - e

= (D)) (v—¢E [Hfé—fé(N)HQ }

L2(Uq,V)

Next, we show that F is AC2[0, T]. By Theorem[2.3] F(N) is AC?[0,T). Let
1 > 0 which responds to % challenge regarding the criterion for the AC2[0, T
property of (V). Let D’ = {(¢’,v']} be a disjoint collection of subintervals in
[0,T] with (D) > (v —¢') < n. Then

g
< 9oF [H(D’)ZF(N)(é’,v’) QV}

+2F [H(D’) 3 {F(N) (€ 0") = (Fur = Fg)}m
< 2(5) ()~

Thus, F is AC?[0,T]. By Theorem [2.4 f is ZH-integrable on [0, 7).

e |0 S - Feol
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T T
To show that (ZH) / £ aw, = (TH) / fi dW, let D¢ = {(&,0]}

0 0
be the collection of subintervals of [0,7] which are not included in D. From
equation (3),
2

T
E (I?-l)/ £ aw, — (Fr — Fy) <%
0

v
T
whenever n > N,. From the proof of Theorem (I’H)/ fi dW; = Fr—Fy.
T T 0
Thus, (IH)/ ft(") AW, — (IH)/ fi AWy as n — oo. O
0 0
Theorem 2.6. (Dominated Convergence Theorem). Let {f(™} be a sequence
of TH-integrable processes on [0,T] and f be an adapted process on [0, T] such

that

2

(i) E [Hfﬁ’” - £

(i) for almost all t € [0,T] and for almost all w € Q,

(n) H
’ 0w La(Ug,V

and that g is TH-integrable on [0,T].

} — 0 a.e. on [0,T];
L2 (Uq,V)

) § Hgt(w)”Lg(U@,V) fOT alln € N

Then f is TH-integrable on [0,T] and

T T
(IH) / ™ aw, — (TH) / fr AW, as n — oco.
0 0

2
Proof. Since E {H Fom ft‘

|

2
By It6 isometry, for each n € N, E [Hft(") aw VJ
2\V@,

[0, T]. Moreover, E {||gt||2L2(UQ7V)} is also Lebesgue integrable on [0, 7] with

e

] — 0 a.e. on [0,T],
Lz(UQ,V)

£ 2
bl we,v)

} —E {Hft”iz(UQ?V)} a.e. on [0,T].

is Lebesgue integrable on

e

2
=t [ : } for all n € N.
LQ(UQ:V):| - ”gtHLz(UQ#V) or all n
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Using the dominated convergence theorem for Lebesgue integral, [ [|| I ||2L2(UQ,V)}
is Lebesgue integrable on [0, 7] and

(£ / [Hf(”) e v)] — (L) /OT[E {||ft||ig(UQ,v)} as n — oo.

By Ito isometry, {(ZH) fOT ft") th} converges in L2(, V). By Theorem
f is TH-integrable on [0, 7] and

T T
(IH)/ ftn) Wy — (IH)/ fi dW, as n — oo.
0 0

This completes the proof. 0O
Theorem 2.7. If f € Ay, then f is TH-integrable on [0,T] and

(TH) /0 Chaw - @ /0 L awn

Proof. Let ¢ > 0 be given. Let J be a family of all left-open subintervals
(&,v] of |0,T]. Suppose that f € Ay is given by

f(t7w> 1{0} + Z (Z)] l(t tj+1]( )

v
The function F' defined by F(§,v) = (I)/ fi dWy for all (§,v] € J, is
3

AC?[0,T]. Then there exists n > 0 such that for any finite collection D =
{(&,v]} of disjoint subintervals (§,v] € J with (D)Z(v — &) < m, we have

E [ (D)ZF({,U)H?/} < % Let £ € [0,T]. We shall only consider ¢ # t; for

all j =0,1,...,n — 1. Assume that & € (¢;,t;41). Choose 6(§) > 0 such that
(6,6 +6(€)) C (tj,tj41). It follows that f(f, ) = ¢;(w) and

f(&w) Wy (w) = We(w)) = ¢ (w)(Wy(w) = We(w))

for any (£,0] C [6,€ + 6(¢)). Moreover, (Z) / fi AW, = (W, — We). et

3
D = {((§,v],€)} be a (J, n)-fine belated partial division of [0, T] with £ # ¢; for
all j =0,1,...,n—1 and D¢ be the collection of all subintervals of [0, 7] which
are not included in the set D. Then
] “o.

[ o ma-n [ o)
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Moreover,
v 2 €
E||[(D° 7 + AWy —.
s [/ s | <
Hence,
H )Y fe(Wy — W) — / fi th
[H )Y fe(Wy — W) — / fr dW, ]
+2E D¢ T + AW,
oz {@ [ s }V]
< €.
T
Thus, f is ZH-integrable to (I)/ fe dW, O
0

The next result shows that if a process f : [0,T] x Q@ — L(U,V) is It
integrable, then it is Ito-Henstock integrable.

Theorem 2.8. If f € Ay, then f is TH-integrable on [0,T] and

(TH) /O Caw - @ /O L awn

Proof. Let ¢ > 0 be given. By Proposition and Fubini-Tonelli theorem
(Lavrent’ev and Savel’ev, 2006, p.306), there exists a sequence { f(™}, f* € Ay,

such that
© [ e[l -4,

By the partial converse of Lebesgue dominated convergence theorem (Uribe
and Fiorenzal, 2013, p.49), there exists a subsequence {f™m)} of { (™} such
that

dt — 0 as n — oo.

L2(Uq, V)}

2

L2(Uq,V)

e[ - 54
By Proposition [1.2]

} — 0 a.e. on [0,T].

27

E

(T) /0 (£~ 1) aw,

/ |~ g
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By Theorem {(I?—L) fOT (nom) th} |, converges in L?(Q,V). By Theo-
me
rem [2.5 f is ZH-integrable on [0,7] and in L*(Q,V)

T T
(IH)/ fe dW, = lim (IH)/ ft(nm) AW,
0 m—00 0
. T (n )
= Jm @ [ aw,
T
= (I / fe dW;.
0
This completes the proof. 5

3. Conclusion and Recommendation

In this paper, we formulate versions of convergence theorems for the Ito-
Henstock integral of an operator-valued stochastic process with respect to a
Hilbert space-valued (Q-Wiener process. We then use some of these theorems
to verify that the classical It6 integral of an operator-valued stochastic process
can be defined using Henstock approach. A worthwhile direction for further
investigation is to use Henstock approach to define the stochastic integral with
respect to a cylindrical Wiener process introduced by [Riedle| (2011)).
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